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Abstract-In various formulations of plasticity. there is evident a structure embracing several
features, including inviscidity, a yield condition, and a constitutive inequality. By means of these
features the constitutive equations of plasticity are derived. In the present paper we introduce a
viscoplastic counterpart of the constitutive inequality of plasticity. and we consider its physical
significance. We also present a theory of viscoplasticity having a structure similar to that of
plasticity and its relation with the Hohenemser-Prager prototype of viscoplastic constitutive
relations is considered.

I. INTRODUCTION

It is widely held that many materials when subjected to dynamically applied loads exhibit
rate effects during yielding. Due to inviscidity, the theory of plasticity is unsuited for
analysis of such behavior. One approach taken to achieve a satisfactory formulation has
been to generalize plasticity to cases of rate influence. One such generalization has been
provided in various forms of the theory of viscoplasticity.

The foundations of the theory of viscoplasticity can be considered to have been set by
Bingham[I], Hencky[2] and Hohenemser and Prager[3]. In these early versions viscoplastic
deformation occurs when the magnitude of the stress vector exceeds some critical value
which is a material constant. Furthermore, the rate at which viscoplastic deformation
occurs depends in a linear manner on how much the critical value is exceeded. Perzyna[4]
and Phillips and Wu[5] achieved generalizations of the previous formulations by proposing
more general conditions for viscoplastic deformation and a more general relationship of
the rate of viscoplastic deformation to the amount by which the condition for viscoplastic
deformation is exceeded.

It should be clearly understood that viscoplasticity is not the most general theory which
can be formulated for dynamic plastic phenomena. In the above named formulations, for
example, the rate of viscoplastic deformation is independent of the stress rates. More
general assumptions have been introduced by Lubliner[6] and Cristescu[7], in which the
inelastic deformation consists of an inviscid part and of a stress-rate independent part.

In various formulations of plasticity (see for example Prager[8], Drucker[9] and Phillips
and Eisenberg[IO]) there is evident a structure embracing several features including
inviscidity, a yield condition, and a constitutive inequality. By means of these features the
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constitutive equations suitable to describe plastic behavior are derived. These features also
imply that in plasticity the inelastic strain rate is normal to a particular surface in stress
space.

By contrast, the existing versions of viscoplasticity do not contain a constitutive inequality.
Instead, a normality condition is assumed, presumably on the grounds of simplicity.

There are two main objectives in the present paper. The first is to introduce a viscoplastic
counterpart of the constitutive inequality of plasticity rather than postulate a normality
condition. The second is to present a theory of viscoplasticity having a structure similar to
that of plasticity.

2. CONSTITUTIVE INEQUALITY IN PLASTICITY

In the following our attention will be restricted to infinitesimal strains and temperature
independent deformations. All functions to be defined in this paper will be assumed con
tinuously differentiable to as high an order as is necessary. The strain is given in terms of
displacements by

(1)

We introduce elastic and inelastic parts of the strain through the kinematic decomposition

(2)

from which we obtain
(2a)

(3)

where
• el aij - tJij akk/3 tJij akk,
e·· = +---

IJ 2/1 9K

and /1 and K are the elastic shear and the elastic bulk modulus, respectively. As expressed
in equation (3), the elastic strain rate is governed by Hooke's law.

In plasticity the state of a material element undergoing plastic deformation is charac
terized by the quantities

(3a)

where k is a scalar quantity to be selected to represent dependence on the history of
inelastic strain. It is inherent in the meaning of the history parameter k that

k = 0 whenever Biji = O.

If necessary, more than one history parameter may be introduced. The independent state
variable is considered to be the stress, so that inelastic strain and the history parameter
are viewed as dependent state variables. For simplicity, we will regard two states as identical
if their corresponding state variables are equal.

The constitutive equations are assumed in the form

and
k = h(S, BI/)'

Substituting equation (4) into equation (5) we obtain

k = I(S, apq)'

(4)

(5)

(6)
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Equations (4) and (6) express the rates of the dependent state variables as functions of
the state and the rates of the independent state variables. With regard to equation (4), a
restriction on the stress rate dependence is introduced by assuming plastic deformation to
be inviscid. Then equation (4) is homogeneous of order one in the time rates; i.e.

gij(S, t/Jupq) = t/Jgij(S, upq),

where t/J is arbitrary.
A sufficient condition for inviscidity is linearity:

gij(S, upq) = aijpiS)upq.

Therefore

• i (S)'Gij = aijpq (Jpq .

(7)

(8)

We now state the yield conditions for plastic deformation. Suppose that at some time to
the inelastic strain is Gi/ and the history parameter is k but (J ij need not be the actual stress.
Consider a function G«(Jij' Gi/' k) which, for a particular set of values (Ji/ comprising a
closed surface in stress space, takes the zero value:

G«(Jij*, Gi/' k) = O. (9)

We postulate that such a function exists and that the surface represented by equation (9),
the" plastic yield surface," encloses or contains all stress points that are compatible with
Gi/ and k, the actual values of the dependent state variables. The stresses (J i/ are called the
yield points. By convention we have G«(Jij' Gi/' k) < 0 if (Jij is interior to the surface repre
sented by equation (9).

The condition for a change in inelastic strain is that the actual stress point (Jij be located
on the plastic yield surface and be moving toward its exterior; i.e.

. i' i 0 'f G(S) 0 d aG(S). 0Gij Gij # 1 = an -",-- (Jpq > .
u(Jpq

(I 0)

(The case of perfectly plastic materials is not being considered.)
Once the yield condition and inviscidity are assumed, a wide range of choice remains

concerning the constitutive equation for the inelastic strain rate in equation (4). This
choice is commonly restricted by means of the introduction of an inequality (see for example
Prager[8], Drucker[9] and Phillips and Eisenberg[IO]). The inequality assures that an
inelastic strain increment will not be directionally opposite the stress increment producing
it, and is stated as

(II)

Using equations (7) and (10), according to Prager[8], the following relation can be written
for aijpq:

(12)

Imagine now two elements which are identical and in the same state at time to:

(l)S = (2)S
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(2Jaij a:~J (Jaij a:~J
For times t:::o: to the two elements are subject to stress rates (I)Uij and (2)U ij which are
arbitrary. Then, using equation (12) it can be proved that inequalities (II) and (13) are
equivalent:

(13)

(Derivatives are evaluated in the limit at (t - to) -> 0, for t :::0: to). We introduce now the
symbol b defined through the following relation

bx = x(t) - x(to).

Then for a sufficiently small time interval bt we have

bx ~ x*bt,

where

x* = lim [x(t)]
M~O

and in that case inequality (13) can be replaced by inequality (14)

i (l)
[(2)bO"ij - (l)b(jij][(2)(5eij - (l)beij ]:::0: 0. (14)

The equivalence of this last expression to inequality (13) may be seen by expanding the
stress and strain increments in a Taylor's series and selecting the time increment (5t sufficiently
small that lowest order terms dominate. A similar derivation is presented in Naghdi[II].
Summarizing the previous discussion we observe that inequalities (II) and (13) and for
sufficiently small (5t inequality (14) are equivalent as the constitutive inequality for plastic
deformation.

Inequality (14) warrants further discussion. Consider two identical bars which have been
pulled in uniaxial tension sblch that they are in the same state at time to. Imagine that for
times t:::o: to the two bars are subject to different arbitrary (one-dimensional) stress rates.
Inequality (14) implies that for sufficiently short time intervals the bar with the higher stress
must also have the higher strain.

An inequality similar to inequality (14) has been proposed by Drucker[12] as a general
ization of stability criteria presented for plasticity (Drucker[9]). Its implications for unique
ness were also discussed. Here, given linearity (inviscidity) and the yield conditions of
plasticity, inequality (14) arises in the first place as the formal equivalent to the constitutive
inequality of plasticity.

On the grounds that it is an inherently reasonable classification of material behavior it
will later be assumed for viscoplasticity. In conjunction with the viscoplastic counterparts
of linearity and of the yield conditions in plasticity, it will serve to derive a constitutive
inequality for viscoplasticity.

An additional point of interest is that in plasticity the constitutive inequality may equiva
lently be stated in terms of one element (equation II) or of two elements (equation 11 or
equation 13). Later we will find that such an equivalence does not hold in viscoplasticity
in the case of hardening.
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The constitutive equations for plastic deformation may be derived by means of the fore
going relations. It should be noted that the normality of the inelastic strain rate to the
plastic yield surface is obtained in the course of such derivations.

3. CONSTITUTIVE INEQUALITY IN VISCOPLASTICITY

In viscoplasticity, the concept of inelastic strain as introduced in equation (2) and the
state characterization expressed in equation (3a) are retained. In the following we will:
(a) define the dependence of the inelastic strain rate on the stress rate in viscoplasticity;
(b) introduce yield conditions for viscoplastic deformation; and (c) present a viscoplastic
counterpart of the constitutive inequality of plasticity.

In Hohenemser and Prager[3], Perzyna[4] and Phillips and Wu[5], versions of visco
plasticity have been presented in which the inelastic strain rate is taken to be independent
of the time rates of the stress. We retain this feature and thereby assume that the equation
for the inelastic strain rate (equation 4) is homogeneous of order zero in the stress rate.

Consequently, we have

gi/S, !f;iJpq ) = gij(S, iJpq),

from which we conclude that gij is independent of iJpq so that

Ei/ = gij(S),

Similarly, we obtain

k = I(S).

(15)

(16)

As previously stated, it is important to understand that viscoplasticity is not the most
general theory it is possible to formulate for dynamic plastic phenomena. The zero order
homogeneity is a restrictive assumption. It has been replaced in the formulations by
Lubliner[6] and Cristescu[7] in which the inelastic strain rate is considered to decompose
into an inviscid part and a stress rate independent part. It has also been argued that (Bell[13])
in many cases dynamic plastic phenomena may be analyzed by means of a purely inviscid
theory.

We now state the conditions under which viscoplastic deformation occurs. Suppose that
at some time to the inelastic strain is Ci/ and the history parameter is k but (Jij need not be
the actual stress. Consider a function F[(Jij, Ci/' k] which takes the zero value for a particular
set of points, say (Jij*' comprising a closed surface in stress space: equation

F[(Jij*' 6;/, k] =0. (17)

For the actual stress F may in general be different from zero. By convention we have F > 0
if the stress point is exterior to the surface and F < 0 if it is interior to the surface.

As the condition for viscoplastic deformation we postulate that such a function exists
and it assumes a positive value for the actual stress during viscoplastic deformation. Conse
quently, during viscoplastic deformation the actual stress is exterior to the surface represented
by equation (17), which will be called" the reference viscoplastic yield surface." Let us call
A the positive value of F whenever we intersect into the function F the value of the actual
stress point.

Equation

(18)

IJSS VoL 10 No.2-B
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represents a closed surface enclosing the reference viscoplastic yield surface and it is called
the 'dynamic viscoplastic loading surface'.

A considerable range of choice remains for the functions gij and F. In the existing versions
of viscoplasticity this choice is restricted by assuming that the inelastic strain rate is normal
to one of the viscoplastic surfaces. Instead of a normality postulate we wish to present an
inequality which is a viscoplastic counterpart of the constitutive inequality of plasticity.
As will be seen, this will allow assessing the meaning and restrictiveness of normality
postulates. It will also permit presenting a theory of viscoplasticity with a structure similar
to that evident in some versions of plasticity.

We consider various possible choices for the constitutive inequality of viscoplasticity. We
first consider inequality (II). It is clearly unsuitable since it would, for example, exclude
the case in which stress is decreasing while the strain is increasing but the strain rate is
decreasing.

As a specific example consider the bilinear constitutive equation proposed by Wood
and Phillips[14]

(19)

where

(¢)={~ :~ :;~.
It is clear that equation (19) would require

. ( k) .e' = 1](& 1 + Eo - ki' )

and for & < 0 and 6i > 0 would give ei = 0; that is ei < 0 would be impossible. This is
obviously unsatisfactory.

As a second choice we consider inequality (14). Suppose we have two elements (I) and
(2) which are identical and in the same state at time to:

(I)S = (2)S

and therefore

and

and

We also have
.. i .. i

(1 )8ij = (2l'ij

since in viscoplasticity the inelastic strain rate is a function of the state and for the two
elements the states are equal at to .

For times t> to the two elements are subject to stress rates (l)&ij and (2)&ij which are
arbitrary. From elementary Taylor expansion we obtain
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and a similar expansion for the stress increments. Restricting attention to sufficiently small
time increments so that the lowest terms in the expansion dominate, we obtain from in
equality (14)

Applying inequality (20) to equation (19) we conclude that

11[(2)0"-(1)0"][«(2)0"-(1)0")(1 +:J -k«(2)f/ -(1i)] ~O

which, since the inelastic strain rates at t = to are equal, gives

11 ~ O.

(20)

(21)

Therefore inequality (20) implies that the reciprocal of the viscosity coefficient in equation
(19) is positive. Also if inequality (21) is valid then inequality (20) will also be valid for the
material given by equation (I9).

The meaning of inequality (14) was discussed in a more general fashion at the end of the
previous section. Here we assume it as a reasonable classification of material behavior. In
plasticity, given inviscidity and the plastic yield conditions, it was shown to be equivalent
to the constitutive inequality. For one dimensional deformations of a bilinear material in
plasticity it is equivalent to the positiveness of the plastic modulus.

Given zero order homogeneity (equation IS) and the yield conditions of viscoplasticity
(equations 17 and 18) inequality (20) and inequality (14) are equivalent. Inequality (20)
will be called the constitutive inequality of viscoplasticity.

The constitutive inequality of viscoplasticity (20) does not hold in the Cristescu[7] and
Lubliner[6] theories in which both an inviscid and a stress rate independent part of the
inelastic strain rate are present. In such theories inequalities (14) and (20) are not equivalent.
However, in such theories inequality (14) may be postulated.

Martin[15] has proposed for rigid non-hardening materials the inequality

(22)

which is a special case of inequality (20). It can easily be seen that this form is not appro
priate in viscoplasticity for the case of hardening. Using equation (19) to exemplify this
point, we find that

which should be positive for arbitrary stress rates. However, the choice

does not satisfy this requirement.
More generally, from differentiation in equation (15) we obtain

• _ j _ agij.. agij . ogjj/.
(J'ij Bij - -a- (J'ij (J'pq + o~ gpq (J'jj + ok (J'u'

(J'pq Bpq
(23)



156 DAVID W. NICHOLSON and ARIS PHILLIPS

Due to the arbitrariness of the stress rates and their independence from the present state
we can always choose them leading to the violation of inequality (22) so long as the last
two tenus in equation (23) do not vanish.

So, in plasticity, and in viscoplasticity without hardening, the constitutive inequality
may equivalently be expressed in terms of one material element or in terms of two material
elements. But in viscoplasticity with hardening one element is not sufficient.

4. A BROAD CLASS OF ACCEPTABLE CONSTITUTIVE EQUATIONS

We now wish to identify acceptable constitutive equations for viscoplasticity.
We recall that

Therefore

(24)

(25)

Substituting equation (24) into (20) we obtain

Ogij [. .][. .
;--- (2)aij - (l)aij (2)apq - (l)apq] ~ O.
uapq

This result should be noted. The constitutive inequality of viscoplasticity by means of
equation (25) has introduced a restriction on the possible choices for gij'

A sufficient condition for the constitutive inequality is achieved by setting

ogij _ L [bipbjq + ()iqb jp]
--(0)
oapq 2

N

+ L (r)L(r)bij(r)bpq
r=1

where

(a) (o)L(S) ~ 0
(b) (r)L(S) ~ 0, for aU r
(c) (r)bij is a symmetric tensor valued state function of state.

Indeed, by introducing (26) into (25) we obtain after some algebra

Ogij {' • \{ .
::;-- (2)a pq - (l)<ipqJ (2)aij
uapq

N

= (o)L[(2)cTpq - (1)cT pq]2 + L (r)L[(r)b/ j «2)cT/j - (l)cTij)f ~ O.
r= 1

5. EXAMPLES

A special case satisfying equation (26) under certain conditions is

g/j(S) = '1<</I(F»'Pij

(26)

(27)
where

<</I(F» {
O, F < °
</I(F), F ~ °
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and where 'P ij = 'Pji . Indeed, differentiation in (27) yields (for F(S) ~ 0),

og.. O'P·. ocjJ of
-3:L = tlcjJ(F) __'J + tI - - 'Pij'
o(J'pq o(J'pq of o(J'pq

By writing

and

we see that these equations will be satisfied when

and

where

157

(28)

(29)

(30)

(31)

(32)

{l)LA + (1)LB ~ O.

The first equation (31) in conjunction with equation (27) is the normality condition. It
should be remarked that equation (32) gives then a necessary condition on the yield surface
Ffor normality to satisfy equation (26). Expression (27) together with 'P ij = of/o(J'ij was
directly postulated by Perzyna[4] and was derived by Phillips and Wu[5] from another
normality postulate. In neither case was there a discussion of the possible appropriateness
of restrictions on the yield function such as expressed in equation (32).

In plasticity, given linearity and the yield conditions normality of the inelastic strain
rate to the plastic yield surface is necessary and sufficient for the constitutive inequality. In
viscoplasticity, however, given zero-order homogeneity and the yield conditions, normality
is not a necessary condition. However, in conjunction with the restriction expressed by
equation (32), it is a sufficient condition.

It is of interest to estimate the. severity of the restriction equation (32) imposes on the
range of choices for the yield surface function. After Tsai and Wu[16], we treat an aniso
tropic yield function

(33)

Here we regard the coefficients A ijki and A ij as independent of the stress but they may in
general depend on the dependent state variables ei/ and k.

We will consider the case in which

cjJ(F) = F, so that

(cjJ(F) = (F) ~ 0, and

ocjJ
of = I ~ O.
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We seek to determine the restriction equation (32) imposes on the coefficients of equa
tion (33).
Computation yields that

()zp _ [2A pqrs O"rs + Apq]{2AijklO"kl + Au] A pqij •--- - - + --,.---~'-----
oO"ij0(Jpq 4j(Amncd (Jmn(Jcd + A ab (Jab)3 j{Amnrs(JmnO"rs + A"bO"ab}'

Upon comparison with equation (32), we find

= 11[1 - {j(AmnrsO"mnO"rs + A ab (Jab) - l}{j 1 }]
(Amnrs O"mn (Jrs + A Cd (Jcd

= {If/ j(AmnrsO"mnO"rs + AabO"ab)} ~ O.

To satisfy the form of equation (32) it is now only necessary that

(34)

Equation (34) implies the form

(35)

where rand (r)Bij respectively are positive and symmetric tensor functions of the dependent
state variables, 8i/ and k.

It is important to note that equation (32) implies no restriction on AU' the linear term
in equation (33). This term represents the Bauschinger effect.

To understand equation (35) we will give attention to a special case of anisotropy.
Referring to Hill[l7) and Hoffman[18), we write a yield condition for an inelastically in
compressible, transversely isotropic material without Bauschinger effect, which is in a plane
stress state so that (Tn O"xz ::::; 0")1% = 0, where the y-z plane is the isotropic plane.

(36)

where

'Py is the tensile yield stress in the y direction

'Px is the tensile yield stress in the x direction

and

Sx)/ is the in-plane pure shear yield stress.
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Referring to both equation (36) and equation (35) we obtain

Axxxx = l/'P,/ = r + Bxx'2

Ayyyy = l/'Py'2 = r + Byy
2

A xxyy = l/'P/ =BxxByy

AxyAxy = 1/5x/ =Bx/·

Eliminating in favor of Bxx yields

4 2[ I 1] 1Bxx - Bxx 'P 2 - 'l' '2 - 4\f 2 =0,
x y X

for which one obtains the solution

159

The positive sign solution yields real values of Bxx irrespective of the relative magnitudes
of 'l'x and 'l'y' It is elementary to recognize that this result applies also for the solution for
Byy , rand Bxy . Hence, the yield function in the present special case satisfies the constitutive
inequality without restriction on the relative magnitude of the yield stresses.

The Hohenemser-Prager[3] prototype of viscoplastic constitutive relations is recovered
if one sets:

(a) ei/ =0
(b) ei/8ij =0

(c) F = Je;i:1
) - I

where Sij is the deviatoric stress tensor and k o is a constant. Note that, given (b) above,

a2F a2F

and that (c) in conjunction with equation (36) implies the relations

Sxy k o

'l'x = 'Py =J3ko.

Summarizing, it does not appear that equation (32) implies very severe restrictions on the
range of choices for the yield surface function.
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AOCTpaKT--B pa3HbiX cPOPMYJlIIpOBKax TeopHH llnaCTH'iHOCTH O'l:CBH)l;HOJ!: lIBnlleTCli CTPYI\·
Typa, llpHHHMalOLIJ;aJl HeKoTopbIe xapaKTcpHble IIpH3HaKH, 3aKJIIO'ialOLIJ;He H)l;eanbHyIO TeKY'
'leCTb, YCJlOBHe TeKY'iecTH .II HepaaeHcTBO COCTOllHHlI. TIOCpCJl,CTBOM nHx npH3HaKOB onpcJl,c
nJlIOTCli ypaBHcHHlI IIJIaCTHlfHOCTH. B npe).lnar;;.eMoft pa60Te BBO).lHTCR ,ll;OIIOJIHRIOLIJ;all
B1I3KOnJIaCT,r'IecKaJ! 'lacTb HepaOOHCTBa COCTOllHHR TeopHH IInaCTH'l:HOCTH HpaCCMaTpHBaeTCli
ee cPH3H'lecKlle 3Ha'ieflHR. )J;aeTcll, TaKlKe, reopHli Bll3KOMaCTH'iHOCTH, OOJIll,ll;alOLIJ;aH no.n06Holt
CTpyKTypOft KTaKoil' lKe BllnaCTIl'iHOCTH. HCCJle.nyeTcll CBll3b MelK,l1y TeOpHelt BH3KOll.l1ltCTH'i
HOCTH .II IIpOTOTIlIIOM B$l3KOllllaCTlf'lecKHX COOTHOUleHHft COCTOllHllll rorcHeM3epa - TIparepa.


